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1. Introduction
One of the best understood quantum systems
is IIB string theory on AdS5 × S5 with its dual
presentation as N = 4 Yang Mills gauge theory.
The tractability of this system is in large part due
to the large supersymmetry group which has the
maximal 32 supercharges. But a large symmetry
group is both a blessing and a curse. It is a bless-
ing because many features of the theory can be
deduced using symmetry arguments alone. It is
a curse because these same symmetries limit the
possible dynamics and questions we can ask. For
example, true tests of the various dualities which
are not already implied by the symmetries of the
32-supercharge theory are relatively hard to find.
As the number of supersymmetries is de-
creased, more dynamical possibilities are un-
leashed, often with no counterparts in their more
symmetric cousins. Ultimately the most interest-
ing and most physically relevant case is no su-
persymmetry at all. But at the moment analytic
control in this case is quite limited. At the current
juncture, the intermediate case of eight super-
charges has proven to be especially fertile ground
for progress. Eight supercharges is where black
holes are first encountered1, as well as Calabi-
1Of course, black holes exist in compactifications with
more supersymmetry, but the near-horizon geometry has
at most eight supersymmetries in all known examples.
1
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Figure 1. The eight-supercharge jigsaw puzzle. It probably cannot be assembled on the plane.
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Yau spaces and topological strings. Despite sev-
eral decades of work in this area, qualitative new
surprises are still appearing (e.g.[1–4]). It is likely
that a few more will still appear before the eight-
supercharge jigsaw puzzle, illustrated in figure 1,
is pieced together. For example it has been sug-
gested [5,6] that number theory, which has yet to
be fully wed to string theory, will play a promi-
nent role. Another likely suspect, as yet to fully
appear in the story, is the enigmatic AdS2/CFT1
duality.
Among the fascinating connections illustrated
in figure 1, these lectures will focus on those
directly relevant to understanding the so-called
OSV conjecture [3]. The agreement between
the Bekenstein-Hawking area law and the micro-
scopic state counting for certain stringy black
holes with eight near-horizon supercharges has
been the source of many deep insights into string
theory and quantum gravity. But this area law
is just the first term in an infinite series approx-
imating the exact expression for black hole en-
tropy. OSV conjecturally relates every term in
this series to expansion coefficients of the topolog-
ical string, thereby potentially allowing for “pre-
cision tests” of holographic duality. We are likely
to have much to learn by precisely formulating,
proving or disproving OSV.
In these lectures we will present some intro-
ductory material on string theory with eight su-
percharges, aimed at the student preparing for
research in this area, and building up to a dis-
cussion of the OSV conjecture in the last section.
For excellent and recent reviews at a more ad-
vanced level see [7,8]. We begin in lecture 2 with
the basics of Type II Calabi-Yau compactifica-
tion, BPS black holes, attractors, and their CFT
duals. In lecture 3 we give a brief introduction
to the topological string. In lecture 4 we describe
the OSV conjecture which relates lectures 2 and
3. In lecture 5 we conclude by summarizing the
various partition functions we have encountered
along the way, the extent to which they are well
defined, and the relations between them.
2. BPS Calabi-Yau black holes
In this lecture we will briefly review the field
content of type IIA/IIB string theory compact-
ified on a Calabi-Yau manifold, and the result-
ing N = 2 4d supergravity action. We will
show that the 4d theory admits supersymmet-
ric black hole solutions of the extremal Reissner-
Nordstrøm type, which exhibit an interesting at-
tractor mechanism for the vector moduli as one
approaches the horizon of the black hole. The
macroscopic entropy of these black holes is com-
puted and it is shown how to include higher or-
der corrections. We briefly discuss the proposed
microscopic dual, known as the MSW CFT, for
the special case of no D6 charge. (Finding the
dual for the general case is an important unsolved
problem). We also describe the index - the mod-
ified elliptic genus - which counts the weighted
number of BPS states in this CFT.
Throughout these lectures, we will use
whichever of the type IIA/IIB languages makes
the exposition simplest. Thus the 4d N = 2 ac-
tion will be discussed mostly in the context of IIB
compactifications, while in order to talk about
black holes we will switch to the IIA description,
which is also the one appropriate for understand-
ing the OSV conjecture.
2.1. IIB Calabi-Yau compactification
The bosonic 10d field content of type IIB string
theory is as follows: from the NS-NS sector we get
the gravitonGMN , the antisymmetric tensor field
BMN with field strength H
(3) = dB(2), and the
dilaton Φ. From the R-R sector we have a scalar
a (the axion), a two-form with F (3) = dC(2) and
a self-dual four-form obeying (at the linearized
level) F (5) = dC(4) = ⋆F (5).
Compactifying six of the ten dimensions on
a Calabi-Yau manifold M breaks three quarters
of the original 32 component supersymmetries
of type IIB supergravity. Since in four dimen-
sions the minimal spinors have four components,
the eight supersymmetries we are left with give
N = 2 supergravity in four dimensions. This
theory - described in great detail in the funda-
mental paper [9] - has an SU(2)R R-symmetry
under which the two supercharges transform as
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doublets. The massless fields fall into N = 2 rep-
resentations labeled by their highest spins. Three
kinds of multiplets appear:
• gravity multiplet: contains the graviton
(2), two gravitini (32 ) in an SU(2)R doublet
and the graviphoton (1),
• vector multiplets: contain one photon
(1), two fermions (12 ) in an SU(2)R doublet
and two real scalars (0),
• hypermultiplets: contain two hyper-
fermions (12 ) and four hyperscalars (0) in
two SU(2)R doublets,
where in parentheses we have written the spins of
the corresponding particles.
Now let us figure out how many multiplets
of each kind we get from the compactification2.
Upon dimensional reduction from 10d to 4d, the
massless wave equation splits into two pieces,
schematically 10 = 4 +CY . Harmonic forms
ω satisfy CY ω = 0 and they are in one-to-one
correspondence with cohomology classes on M ,
whose numbers are counted by the Hodge num-
bers of M , hp,q
3. Thus harmonic forms on M
lead to massless fields in 4d.
There are two multiplets that we obtain in any
compactification of type IIB on a Calabi-Yau: the
gravity multiplet and the so-called universal hy-
permultiplet. The universal hypermultiplet con-
sists of the 10d dilaton Φ, the 10d axion a, plus
two more massless scalars χ and ψ defined by
writing H(3) = ⋆ 4dψ
4 and F (3) = ⋆ 4dχ. The
bosonic content of the universal hypermultiplet
is then (Φ, a, ψ, χ) and it will obviously be the
same no matter which Calabi-Yau we choose to
compactify on. Importantly, the string coupling
2Here we will only follow what happens to the massless
bosons that arise from the compactification; the fermions
complete the supermultiplets.
3hp,q is the number of harmonic forms of antiholomorphic
rank p and holomorphic rank q. A Calabi-Yau manifold
has h0,0 = 1, h0,i = 0 for i 6= 3, one harmonic (0,3)
form Ω and its (3,0) conjugate Ω¯, and h1,1 ≥ 1, h1,2 ≥ 0.
All other Hodge numbers are given by Poincare´ duality
hp,q = h3−p,3−q . There is a total of 2h2,1 + 2 harmonic
three-forms on M .
4The Bianchi identity dH(3) = 0 becomes d⋆4dψ = 4ψ =
0, which is the equation of motion for a massless 4d scalar.
constant gs = e
Φ always belongs to this hyper-
multiplet.
To figure out the remaining multiplets, choose
an integral basis of harmonic three-forms on the
Calabi-Yau, (αΛ, β
Λ), with Λ ∈ {0, . . . , h2,1},
which satisfy∫
M
αΛ ∧ βΣ = δΛΣ ,
∫
M
α ∧ α =
∫
M
β ∧ β = 0,
define the periods as integrals of the holomorphic
three-form over the 3-cycles dual to αΛ, β
Λ as
XΛ =
∫
AΛ
Ω , FΛ =
∫
BΛ
Ω, (1)
and let ωA denote an integral basis of harmonic
two-forms, A ∈ 1, . . . , h1,1. Using Greek letters
for 4d space-time indices and Latin letters for
Calabi-Yau indices, and x for a 4d spacetime co-
ordinate, the decomposition of the various fields
is then
• GMN → gµν(x) - the 4d graviton; gmn¯ =
iφA(x)ω
A
mn¯ - h1,1 real 4d scalars corre-
sponding to Ka¨hler deformations of the
metric on M ; h2,1 complex scalars G
I , I =
1, ...h2,1 corresponding to deformations of
the complex structure of M5. The periods
XΛ provide projective coordinates on the
moduli space of complex structure deforma-
tions.
• BMN → ψ(x) -scalar in the universal hyper-
multiplet, as discussed; Bmn¯ = bA(x)ω
A
mn¯ -
h1,1 real scalars.
• C(2)MN → Similar to the BMN case, we get
one scalar field χ(x) from the space-time
part of C(2) and another h1,1 real scalars
cA(x) from the two forms on M .
• C(4)MNPQ →Decomposing C(4) as AΛ(x)αΛ+
A˜Λ(x)β
Λ and imposing the self-duality con-
dition F (5) = ⋆F (5) we get h2,1 + 1 4d
5A complex structure deformation mixes the holomorphic
and antiholomorphic coordinates as zi → zi + µIij¯z
j¯ . If
we lower the index on µIij¯ by contracting with the holo-
morphic three-form Ω the resulting GI
klj¯
= Ωkliµ
Ii
j¯ are in
one-to-one correspondence with the harmonic (2,1) forms
on the Calabi-Yau.
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massless U(1) gauge bosons. We also
get h2,2 = h1,1 scalars from decomposing
C(4) = γA(x)ωA, where ωA are harmonic
(2,2) forms on M .
The supersymmetry transformations (which we
don’t reproduce here) tell us how these bosonic
fields group into multiplets. Out of the total of
h2,1 + 1 gauge fields, one linear combination -
determined from the supersymmetry transforma-
tions - has to end up in the gravity multiplet
and hence is called the graviphoton. We denote
the graviphoton by Aµ and the remaining gauge
bosons by AIµ, where I takes only h2,1 values. The
groupings of the bosonic fields are then
• the gravity multiplet (gµν , Aµ)
• h2,1 vector multiplets (AIµ; GI)
• h1,1 hypermultiplets (φA, bA, cA, γA)
• the IIB universal hypermultiplet (Φ, a, ψ, χ)
As shown in [9], supersymmetry does not allow
couplings between vector and hypermultiplets in
the leading 4d effective action, if the hypermul-
tiplets are neutral. Since gs = e
Φ is in a neu-
tral hypermultiplet, supersymmetry then tells us
that there are no string loop corrections to the
tree-level results. In particular, the metric on the
moduli space MV of the vector multiplets (the
complex structure moduli for type IIB compact-
ifications) is exact at tree level, and is read off
from the kinetic terms in the N = 2 Lagrangian.
2.2. IIA Calabi-Yau compactification
We now repeat the analysis of the previous
section for type IIA on a Calabi-Yau M . The
10d field content is now given by the graviton
GMN , the NS-NS two form B
(2), the dilaton Φ,
an RR two-form field strength F (2) = dC(1) and
a four-form F (4) = dC(3). The dimensional re-
duction of the metric gives us, as usual, the 4d
graviton, h1,1 real Ka¨hler moduli φA and h2,1
(complex) complex structure moduli GI . The
reduction of the B-field gives h1,1 + 1 scalars
bA and ψ. C
(1) will just give one vector field
and C(3) will give rise to h1,1 vectors C
A
µ and
2h2,1+2 real scalars via the decomposition C
(3) =
(ϕ1+iϕ2)Ω+(ϕ1−iϕ2)Ω¯+ϕI1αI+ϕI2βI . One lin-
ear combination of the vector fields will be again
the graviphoton. The multiplets we obtain are
then
• the gravity multiplet (gµν , Aµ)
• h1,1 vector multiplets (CAµ , bA, φA)
• h2,1 hypermultiplets (GI , ϕI1,2)
• IIA universal hypermultiplet (Φ, ψ, ϕ1,2)
While h1,1 ≥ 1 (the Calabi-Yau must have a (1,1)
Ka¨hler form), h2,1 can be zero (that is a Calabi-
Yau with no complex structure deformations). In
that case there is only one hypermultiplet - the
universal one. Note that the numbers of vec-
tor and hypermultiplets we get in type IIA/IIB
compactifications are consistent with mirror sym-
metry, which exchanges complex structure and
Ka¨hler moduli.
The dilaton is again in a hypermultiplet, so
once more the moduli space of the vector mul-
tiplets does not get corrected by string loops6.
2.3. N = 2 4d supergravity and special ge-
ometry
N = 2 supersymmetry highly constrains the
form of the Lagrangian. As far as the scalars
are concerned, we already mentioned that the
moduli space of the theory factorizes into a tar-
get space MV parameterized by the vevs of the
vector moduli, and MH , parameterized by the
hypermultiplet scalar vevs. Supersymmetry re-
quires thatMV be a special Ka¨hler manifold [9–
11], while MH is restricted to be a quaternionic
Ka¨hler manifold [12]. In these lectures we will
only be concerned with the action for the vector
multiplets. The kinetic terms are determined en-
tirely from the holomorphic prepotential F of the
N = 2 theory, which in our context is determined
by the Calabi-Yau geometry and computed from
tree level string theory. A more detailed recent
6Since in type IIA compactifications the vector multiplet
scalars correspond to Ka¨hler moduli, the metric on the
moduli space can receive worldsheet α′ corrections from
string instantons wrapping the two-cycles in the Calabi-
Yau (see also section 3.2). This is to be contrasted with
type IIB, where the tree-level metric is exact.
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review can be found in [13], whose conventions
we follow.
Let us now collect a few soon-to-be-needed
facts about the leading terms in the N = 2 La-
grangian[9,13,14], which correspond to consider-
ing just the tree level term in the Calabi-Yau pre-
potential (F = F0 in (48); see de Wit’s lectures
for more details). To be specific, we assume here
that our N = 2 action was obtained by compact-
ification of type IIB. In the basis introduced in
the previous section, the holomorphic three-form
can be written as
Ω = XΛαΛ − FΛβΛ. (2)
XΛ (or FΛ) turn out to be projective coordinates
on the vector multiplet moduli space (parameter-
ized by zi, i ∈ {1, . . .NV = h2,1}), whose ge-
ometry is completely determined by the choice of
holomorphic three-form Ω(zi). The Ka¨hler po-
tential on MV is given by
K(zi, z¯i) = − ln i
∫
M
Ω ∧ Ω¯, (3)
which can be rewritten as
e−K = i(X¯ΛFΛ −XΛF¯Λ). (4)
The periods FΛ can be obtained from the prepo-
tential as
FΛ =
∂F (X)
∂XΛ
. (5)
One choice of (non-projective) holomorphic coor-
dinates on MV are special coordinates
ZI =
XI
X0
, I ∈ {1, . . . h2,1}. (6)
While using these coordinates is useful for a large
number of purposes, please note that the symplec-
tic invariance of the action is no longer manifest,
which may sometimes not be very convenient.
Note also that while XΛ and FΛ are holomorphic,
sometimes (especially in the supergravity litera-
ture) people find it useful to define the rescaled
periods (X
′Λ, F ′Λ) = e
K/2(XΛ, FΛ), which are no
longer holomorphic.
Another piece of information we need from the
N = 2 Lagrangian are the gauge kinetic terms.
They read
Lgauge = i
4
N¯ΛΣFˆ−Λµν Fˆ−Σµν −
i
4
NΛΣFˆ+Λµν Fˆ+Σµν ,
(7)
where Fˆ± = 12 (Fˆ ∓ i ⋆ Fˆ ) are the the self-dual
and anti-self-dual parts of the gauge fields7. The
expression for NΛΣ in terms of the prepotential
and its derivatives is
NΛΣ = F¯ΛΣ + iNΛ∆X
∆NΣΩX
Ω
N∆ΞX∆XΞ
, (8)
where FΛΣ denote the second derivatives of the
prepotential with respect to XΛ and XΣ and
NΛΣ = −i(FΛΣ − F¯ΛΣ). One can easily show
that
FΛ(X) = NΛΣXΣ (9)
a relation that will be useful later.
The integral of Fˆ over a sphere at infinity gives
the magnetic charge of the field configuration we
are studying.
pΛ =
1
4π
∫
S2
FˆΛ =
1
2π
Re
∫
S2
Fˆ+Λ. (10)
The total electric charge is usually given by the
integral of the dual field strength over the sphere
at infinity, which follows from the Maxwell equa-
tion d ⋆ F = 0. Note that our action (2.3) gives
rise to different equations of motion, which imply
that the electric charge is given by
qΛ =
1
2π
Re
∫
S2
G+Λ (11)
where
G+Λ = NΛΣFˆΣ+ (12)
or equivalently
GΛ = (ReNΛΣ)FˆΣ + (ImNΛΣ) ⋆ FˆΣ (13)
7In four Lorentzian dimensions, (anti)self-duality reads
⋆Fˆ± = ±iFˆ±.
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One last thing we would like to explain is how to
recognise which linear combination of the gauge
fields is the graviphoton. We know that the par-
ticular combination has to be symplectically in-
variant, since which field is in the gravity multi-
plet should not depend on the choice of symplec-
tic basis.
From the field strengths FˆΛ, GΛ and the peri-
ods one can construct a naturally symplectically-
invariant field strength, given by
T−µν = FΛFˆ
−Λ
µν −XΛG−Λ , (14)
which corresponds to the graviphoton. The
graviphoton is also special in that its charge
Q =
1
4π
∮
T− (15)
is proportional to the central charge of the N = 2
supersymmetry algebra8. If we restrict our atten-
tion to just supersymmetric solutions (preserving
4 or 8 supercharges), then
FΛFˆ
+Λ −XΛG+Λ = 0 (16)
when evaluated on these solutions, so the
graviphoton charge becomes
Q = FΛp
Λ −XΛqΛ = Qmag + iQel, (17)
which generally is complex.
Having talked at length about electric and mag-
netic charges in the 4d theory, we might as well
mention how to obtain charged particles in string
theory compactified on a Calabi-YauM . The an-
swer is simple: just wrap D-branes on the various
cycles in M . The string theory D-branes source
the 10d RR fields, which from the 4d point of view
look like pointlike charges that source the differ-
ent gauge fields which come from the dimensional
reduction of the 10d RR fields. In type IIB, D3-
branes can wrap any of the 2h2,1 + 2 different 3-
cycles, giving a total of 2h2,1+2 different electric
and magnetic charges in 4d. The number of units
of 4d charge is determined by how many times we
wrap the D-branes around the particular cycle.
8Note that the Q so defined rescales under projective
transformations.
In type IIA the stable D-branes are even-
dimensional. One can again produce any elec-
tric and magnetic charges by wrapping D6, D4,
D2 and D0 branes on the various cycles in the
Calabi-Yau. If A ∈ {1, . . . , h1,1} labels the 2
(and also the dual 4)-cycles, then the most gen-
eral set of charges we can get is (p0, pA, qA, q0),
which stands for D6, D4 (magnetic) and D2, D0
(electric) charges respectively.
If we wrap a large number of branes at the same
point in noncompact 4d space, we will have to
consider the backreaction of the metric and the
other supergravity fields. It turns out that for
large charges one can obtain macroscopic black
holes [15,16], which we will now turn to study.
2.4. Black hole solutions
In a classic paper [17], Gibbons and Hull have
shown that minimal 4d N = 2 supergravity
(whose bosonic sector is just Einstein - Maxwell
gravity) has charged black hole solutions of the
Reissner-Nordstrøm type. These solutions are
parametrised by their mass M and charge Q =
Qmag + iQel. Since Q happens to equal the cen-
tral charge of the N = 2 supersymmetric the-
ory, then the BPS bound requires that these black
holes have M ≥ |Q|. If M > |Q| their Hawking
temperature is nonzero, which means they can ra-
diate and thus are not stable objects. Since we
are looking for supersymmetric solutions, which
have to be stable, the remaining candidate is the
extremal solution with M = |Q|. The Hawking
temperature of these black holes is zero and the
solution indeed turns out to be supersymmetric.
These extremal objects have been the focus of
many interesting investigations over the years.
The easiest way to see whether a particular so-
lution is supersymmetric is to look at the fermion
variations for that particular background and re-
quire that they vanish. The only fermions present
in minimal supergravity are the gravitini, whose
variation is
δǫψ
α
µ = 2∇µǫα −
i
8
T−λνγ
λνγµǫ
αβǫβ. (18)
The solution will be supersymmetric if there ex-
ists a spinor ǫα such that δǫψµ = 0. It turns out
that there exist four such spinors, so the solution
8 M. Guica and A. Strominger
preserves half of the original eight supersymme-
tries.
Figure 2. Penrose diagram for the extremal
Reissner-Nordstrøm black hole. The zigzag
stands for the timelike singularity (at r = −Q)
and the dotted lines represent event horizons.
The shaded region covers the near-horizonAdS2×
S2, illustrated in figure 3.
The expression for the metric is
ds2 = −e2U(r)dt2 + e−2U(r)(dr2 + r2dΩ22), (19)
where
e−U(r) = 1 +
|Q|
r
. (20)
The solution carries charge Q, as the expression
we get for the graviphoton indicates
T−µν = Qǫ
−
µν ,with
∫
S2
ǫ− = 4π. (21)
As r → ∞, eU → 1 and the metric becomes just
the flat metric on R3,1. As r→ 0 the metric takes
the form
ds2 = − r
2
|Q|2 dt
2 +
|Q|2
r2
dr2 + |Q|2dΩ22. (22)
The near-horizon geometry is thus AdS2 × S2,
and the area of the horizon is A = 4π|Q|2. The
near horizon bosonic isometry group is SO(2, 1)×
SU(2), which is part of the SU(1, 1|2) superisom-
etry group containing the maximal eight super-
symmetries. This means that AdS2 × S2 is a
maximal N = 2 vacuum, and hence the Reissner-
Nordstrøm solution we obtained can be thought
of as a soliton radially interpolating between two
maximally supersymmetric vacua [18].
Figure 3. Penrose diagram for AdS2. The dot-
ted lines represent the horizons inherited from the
embedding in the extremal Reissner-Nordstrøm
geometry of figure 2.
2.5. The attractor equations
Next, we add in vector multiplets [19,20].
The gravitini variations now acquire extra terms,
which contain derivatives of the vector moduli
δǫψ
α
µ = 2∇µǫ −
i
8
T−νλγ
νλγµǫ
αβǫβ + iAµǫ
α, (23)
where
Aµ =
i
2
NΛΣ(X¯
Λ∂µX
Σ − ∂µX¯ΛXΣ) (24)
where in the above two and the following equa-
tions we have fixed the gauge NΛΣX
ΛX¯Σ = −1.
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The supersymmetry variations of the fermions
in the vector multiplets (the gaugini) are
δΩΛα = 2γ
µ(∂µ + iAµ)X
Λǫα
+
1
2
γνλ(Fˆ+Λνλ −
1
4
XΛT+νλ)ǫαβǫ
β (25)
We would like to see if a maximally supersym-
metric near-horizon AdS2 × S2 region with an
SU(1, 1|2) superisometry group can still exist.
This requires that the moduli XΛ be constant
throughout the near-horizon spacetime. Then the
gravitini variations vanish as before and the gaug-
ino equations require that
Fˆ+Λµν =
1
4
XΛT+µν . (26)
Integrating our previous solution for the
graviphoton T+µν ∝ ǫ+µν (where ǫ+ is a self-dual
two-form) over the horizon S2 we find
pΛ =
1
2π
∫
S2
Re Fˆ+Λ = Re[CXΛ], (27)
for some complex constant C, which in general
will depend on our choice of projective gauge9.
Similarly,
qΛ =
1
2π
∫
S2
Re Gˆ+Λ =
1
2π
∫
S2
ReNΛΣFˆ+Σ
= Re[CNΛΣXΣ] = Re[CFΛ]. (28)
We thus see that the moduli XΛ, FΛ must take
very specific values in terms of the black hole
charges in order to recover the AdS2×S2 part of
the solution in the near-horizon region. For rea-
sons which will become clear shortly these equa-
tions are known as the attractor equations.
The attractor equations, together with knowl-
edge of the prepotential F (XΛ), generically let
us determine in principle (up to possible dis-
crete choices) the real and imaginary parts of all
CXΛ|hor in terms of the charges of the black hole.
This can be easily checked by counting the num-
ber of equations and unknowns.
The Bekenstein-Hawking entropy depends only
on the near-horizon data and is simply given by
the horizon value of
SBH =
πi
2
(qΛC¯X¯
Λ − pΛC¯F¯Λ). (29)
9For NΛΣX
ΛX¯Σ = −1, we have C¯ = 2iQ.
After solving the attractor equations, the entropy
becomes just a function of the charges of the black
hole, and does not depend on any asymptotic
data, such as the asymptotic values of the moduli
(as long as we do not leave the basin of attrac-
tion).
In general one might want to find the full black
hole solution, including the asymptotic region.
This is a harder problem, and one we will not
need to solve for now because the full solution
has the form of a radially interpolating soliton,
with the moduli in the maximally-symmetric near
horizon region determined by the charges of the
black hole via the attractor equations. So, given
the charges and the value XΛ∞ of the moduli at
infinity, the variation through space of XΛ will
be such that it always goes to the horizon value
XΛhor determined by the attractor equations [21].
The path traced in moduli space by XΛ(r) 10 is
called an attractor flow.
Figure 4. Attractor flow in moduli space. No
matter which point (within the basin of attrac-
tion) in the moduli space at r = ∞ we choose
as our asymptotic data, at the horizon (r = 0)
the moduli always take the same attractor value,
determined by the charges of the black hole.
While at first this behavior of the vector mod-
uli might seem a bit surprising, it is actually re-
10We here only consider spherically-symmetric solutions.
It turns out there also exist multicenter solutions [1].
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quired for the existence of sensible counting of
microstates of the black hole: the area of the hori-
zon depends on XΛhor, but at the same time it is
the logarithm of the number of microstates of the
black hole - that is - the log of an integer. There-
fore one does not expect it to smoothly depend
on continuous parameters such as the asymptotic
values of the moduli.11 Additionally, the entropy
is not expected to depend on parameters that we
may choose to tune at infinity, since it is an in-
trinsic property of the black hole. Note that there
is no attractor mechanism for the hypermultiplet
moduli, but this does not affect the above reason-
ing, since the horizon hyperscalar vevs drop out
of the entropy formula12.
2.5.1. A simple example
Maybe the simplest example [30] is to consider
IIA compactified on a Calabi-Yau with moduli
XΛ = (X0, XA). In the large-volume limit we
can take the Calabi-Yau prepotential to be
F (X) = DABC
XAXBXC
X0
, (30)
where 6DABC are the intersection numbers of the
Calabi-Yau. In that case we have
FA = ∂AF =
3DABCX
BXC
X0
F0 = ∂0F = −DABCX
AXBXC
(X0)2.
(31)
We will consider aD4-D0 black hole, with charges
p0 = qA = 0 and p
A, q0 6= 0. The attractor equa-
tions read
Re[CXA] = pA, Re[CX0] = 0,
Re[CFA] = 0 , Re[CF0] = q0. (32)
11However a more refined analysis shows that it can de-
pend discontinuously on the asymptotic moduli[1]. This
leads to very interesting modifications of the simplified
picture presented here. See [22] for a recent discussion.
12In recent work by Sen [23], it was shown that all fields
that the entropy depends on at the horizon must be sub-
ject to an attractor mechanism. His reasoning works not
only for supersymmetric black holes, but any black hole
whose near-horizon symmetry group contains SO(2, 1)
[24–29].
It is easy to see that the solution to the above
equations is
CXA = pA , CX0 = i
√
D
q0
, (33)
where we have defined D ≡ DABCpApBpC . From
(29) we can compute the macroscopic entropy as-
sociated with this black hole
SBH =
πi
2
(q0C¯X¯
0 − pAC¯F¯A) = 2π
√
Dq0. (34)
2.6. The general asymptotically flat solu-
tion
Somewhat surprisingly, given a solution of the
near-horizon attractor equations for the vector
moduli as a function of the charges, it is possi-
ble to actually construct the full asymptotically
flat solution with generic values for the moduli
at infinity. Here we will concentrate only on the
spherically symmetric case, although generic ex-
act multi-center solutions are also known [1].
Due to spherical symmetry, the metric must
take the form (19). The insight of [31–33], was to
notice that the moduli fields that satisfy the BPS
equations of motion [34] must obey equations that
are very similar to the attractor equations (27)
and (28), just that they hold throughout space-
time, and not only at the horizon of the black
hole
Re[C(r)XΛ(r)] = HΛ(r)
Re[C(r)FΛ(X(r)] = HΛ(r). (35)
Here HΛ, HΛ are harmonic functions on flat R
3
sourced by the charges pΛ, qΛ. It follows that
whenever one can solve the attractor equations
(which is generally a difficult task), one can also
get the solution for the moduli everywhere13.
This is done with the aid of the entropy function,
Σ, defined as
Σ(~x) =
1
2
Im[CXΛ(~x)C¯F¯Λ(~x)]. (36)
13When the attractor equations are not analytically sol-
uble, spacetime solutions can still be explicitly written in
terms of the implicit attractor solutions.
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By comparison with (29), we see that near
the horizon Σ(r, pΛ, qΛ) = (πr
2)−1SBH(p
Λ, qΛ).
Away from the horizon, Σ(r) is simply given by
making the replacement
pΛ → HΛ(r) = p
Λ
r
+ hΛ
qΛ → HΛ(r) = qΛ
r
+ hΛ (37)
in the entropy formula 1πSBH(p
Λ, qΛ). The con-
stants hΛ, hΛ can be determined from the asymp-
totic values of the moduli. Finally, the solution
for the metric and the moduli is
e−2U = Σ(H) , CXΛ = HΛ + i
∂Σ(H)
∂HΛ
. (38)
This is a very powerful result, since it allows us to
reconstruct the solution for the metric and mod-
uli throughout spacetime from just knowledge of
the entropy as a function of the charges and the
asymptotic values of the moduli.
There is a catch though, in that even if the
entropy itself is real, the entropy function is not
guaranteed to be so. Σ2(r) is a quartic polyno-
mial in 1r , which is positive as r → 0,∞, but
there is nothing to prevent it from becoming neg-
ative for an intermediate range of r, if we tune
the moduli at infinity appropriately. Since Σ(r)
is a metric component, the solution becomes un-
physical if it becomes imaginary. Therefore one
must always check whether our formal solution
is actually physical by making sure that Σ(r) is
real and the moduli τA(r) belong to the physical
moduli space for all values of the radius.
Even if the asymptotic moduli are outside the
regions for which the single-centred solution ex-
ists, the respective BPS state might still be real-
ized as a black hole (or point particle) bound state
[35]. The entropy function can be adapted [1] to
describe these multicenter supersymmetric black
holes. One simply allows the harmonic functions
to have poles at the location of each black hole
carrying the corresponding charge. These solu-
tions have many interesting properties and appli-
cations [4,35–39,22], but are outside the scope of
these lectures.
Note that checking the reality of Σ(~x) in the
case of multicenter solutions is an extremely dif-
ficult task even for simple Calabi-Yaus, which
could only be tackled numerically.
2.6.1. Simple example redux
As an example, let us again take the D4-D0
black hole, but now in a Calabi-Yau compactifi-
cation that has only one complex Ka¨hler modu-
lus τ(~x), where ~x denotes position in R3, and the
triple self-intersection number of the Calabi-Yau
is D111 = 1. The entropy is then S = 2π
√
q0p3.
The entropy function is
Σ(H(~x), H0(~x)) = 2
√
H0(~x)H3(~x) = e
−2U(~x),
(39)
where the harmonic functions are
H =
p
r
+ h , H0 =
q0
r
+ h0. (40)
The solution for the modulus in this case is purely
imaginary
τ(~x) =
CX(~x)
CX0(~x)
= −i
√
H0(~x)
H(~x)
(41)
so now we only need to determine the constants
h0, h in terms of the asymptotic value of the mod-
ulus τ∞ = −ia∞ (here the physical moduli space
is the lower half plane). We choose a gauge so
that as r → ∞ the scale factor e−2U → 1, which
imposes the constraint 2
√
h0h3 = 1. We then get
h0 = 2
− 1
2 (iτ∞)
3
2 , h = (2iτ∞)
− 1
2 . Note that the
asymptotic Ka¨hler class iτ∞ has to be positive for
the solution to exist.
The attractor equations only require that the
B-field (proportional to Reτ) at the horizon be
zero, but its value at infinity does not have to
vanish, as our solution seems to indicate. Nonzero
B∞ can be obtained by considering the entropy
function associated to a black hole with addi-
tional D2 charges, but in which we take the cor-
responding HA = constant.
2.6.2. Generic entropy for cubic prepoten-
tial
We now give the formula [30] for the entropy
of the generic D6-D4-D2-D0 black hole when the
prepotential is simply
F =
DABCX
AXBXC
X0
, (42)
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Then the entropy of the black hole with charges
(p0, pA, qA, q0) is
S = 2π
√
Q3p0 − J2(p0)2 (43)
where Q is determined by solving the following
equations for a set of variables yA
3DABCy
AyB = qA +
3DABCp
BpC
p0
(44)
which for general charges and intersection num-
bers are not analytically soluble. In any case, we
have
Q
3
2 = DABCy
AyByC (45)
and
J = −q0
2
+
DABCp
ApBpC
(p0)2
+
pAqA
2p0
. (46)
Please note that our analysis is only valid when
the Calabi-Yau is large both at infinity and at
the horizon, since the entropy formula was de-
rived using the large volume prepotential (30).
One has to pay special attention if the attractor
flow in question passes through a region in moduli
space where the Calabi-Yau (or some cycle in the
Calabi-Yau) is becoming small, since then instan-
ton corrections to the prepotential become impor-
tant [22]. In order for our supergravity analysis
to be valid, we also need the 4d curvature to be
small everywhere, which translates into the re-
quirement of large black hole charges.
2.7. Higher orders
2.7.1. Corrections to the N = 2 action
In this subsection we briefly sketch how the
N = 2 invariant Lagrangian, including higher
curvature corrections, is constructed using the so-
called superconformal tensor calculus [9]. The
idea is to begin by constructing an action for
N = 2 conformal supergravity coupled to NV +1
conformal vector multiplets and then gauge-fix
it down to Poincare´ supergravity coupled to NV
vector multiplets. The advantage of this ap-
proach relies on the fact that more symmetries
are realized in a linear and simple way in confor-
mal supergravity, and also the off-shell multiplets
are smaller14. The basic ingredients are two types
of superconformal multiplets
• the Weyl multiplet, which contains the vier-
bein eaµ and the two gravitini, among many
other auxiliary fields. To incorporate it into
the action, one actually has to construct an
N = 2 chiral multiplet W 2, which contains
the gauge-invariant field strengths15
• NV +1 vector multiplets, each containing a
scalar XΛ, a gaugino ΩΛ and a gauge field
AΛµ , among other stuff. One of these vec-
tor multiplets will provide the graviphoton
for the Poincare´ gravity multiplet, since the
Weyl multiplet does not contain an inde-
pendent gauge field.
The action for the vector multiplets XΛ (where
boldface type denotes a superfield) is constructed
by taking a holomorphic function F (XΛ) and in-
tegrating it over N = 2 superspace. Dilation in-
variance requires that F be homogenous of degree
two in the XΛ. To recover minimal supergravity
we should only consider one vector multiplet X,
for which the prepotential is F (X) = X2. Inte-
grating over superspace we obtain∫
d4θ F (X) = X(4 − 1
6
R)X¯ + . . . . (47)
Upon conformal gauge-fixing X=const this gives
rise to the Einstein-Hilbert term. The Maxwell
term comes about in the usual way [40]. A similar
mechanism will give rise to the Einstein-Hilbert,
Maxwell and scalar terms in the non-minimal ac-
tion. Note that we will get only NV scalars out
of the initial NV + 1, since one combination gets
gauge-fixed to a constant.
In order to include higher curvature terms in
the Lagrangian, one has to add couplings to the
14Indeed the simplifications are so striking one suspects
there may be some deeper physical significance underlying
this ”mathematical trick”.
15Very roughly, the highest component of W 2 is the anti-
selfdual part of the Weyl tensor squared, while the lowest
component is the square of the antiselfdual part (T−)2 of
an auxiliary tensor field T that gets identified with the
graviphoton upon gauge-fixing.
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chiral multiplet W 2. This is achieved by simply
extending the holomorphic prepotential to also
be a function of W 2, F (XΛ,W 2), which can be
expanded as
F (XΛ,W 2) =
∞∑
g=0
Fg(X
Λ)W 2g (48)
The Fg are now required to be homogenous of
degree 2−2g. Quite interestingly, they are related
to topological string genus g amplitudes, as we
will explore later in these notes.
2.7.2. Wald’s formula
The Bekenstein-Hawking area law for the
macroscopic entropy of a black hole was derived
in Einstein gravity. It cannot possibly remain
exactly valid when higher curvature corrections
to the action are included, as the area is not in-
variant under field redefinitions (e.g. which mix
gµν and Rµν), while the entropy must be. It was
shown in [41,42] how the area law has to be mod-
ified in the presence of R2 or higher derivative
terms in the Einstein action in order that the first
law of black hole mechanics - the spacetime man-
ifestation of the first law of thermodynamics - re-
main valid. The first law of black hole mechanics
can be put in the usual form
δM =
κS
2π
δS + φδq + µδp, (49)
where κS is the surface gravity on the horizon, if
S is given by16
S = 2π
∫
H
ǫµνǫρσ
∂L
∂Rµνρσ
dΩ. (50)
Here ǫµν is the binormal to the horizon H and
dΩ is the volume element on H. Note that if the
Lagrangian only consists of the Einstein-Hilbert
term, then S equals the area of the horizon, but
R2 and higher curvature corrections to the action
do generically modify the area law.
Thus, upon adding higher curvature terms to
the N = 2 supergravity action, the entropy of
16This is the correct formula in the case in which the ef-
fective action contains powers of the Riemann tensor, but
no derivatives thereof.
the black hole solutions gets modified in two ways:
first, the metric on the horizon changes as a conse-
quence of the modified equations of motion. Sec-
ond, the entropy formula itself receives correc-
tions according to (50).
The case that concerns us - of BPS black holes
in N = 2 supergravity coupled to vector multi-
plets - was considered in [43–47]. The authors
argued that after adding the terms (48) to the
N = 2 supergravity action, the near horizon ge-
ometry was still AdS2 × S2, and that the mod-
uli were still subject to an attractor mechanism.
Their horizon values were fixed by the following
generalisation of the attractor equations
ReCXΛ = pΛ, ReCFΛ = qΛ (51)
C2W 2 = 256 (52)
where now FΛ is the derivative of the full cor-
rected prepotential F (XΛ,W 2). Taking into ac-
count the combined effect of the metric backreac-
tion and Wald’s corrections to the area law, the
expression for the entropy becomes
SBH =
π
2
Im(CXΛC¯F¯Λ)−π
2
Im(C2W∂WF ) (53)
evaluated on the horizon. In lecture 3 we will use
this result to match the perturbative expansion
of the black hole partition function to the pertur-
bative expansion of the topological string.
2.8. The MSW CFT
In this subsection we discuss the CFT duals
known for a large class of Calabi-Yau black holes.
Finding the dual for the most general case is a
very interesting unsolved problem. A dual CFT
description [48] (often known as the MSW CFT)
has been proposed in the still fairly general case
in which the D6 charge is zero, but the D4-D2-
D0 charges and the Calabi-Yau itself are (al-
most) arbitrary. We will denote the charges by
(pA, qA, q0) and the intersection numbers of the
Calabi-Yau M by 6DABC . As before, we define
D = DABCp
ApBpC .
Upon lifting to M-theory, the D4-D2-D0 brane
configuration becomes an M5-brane wrapped on
P × S1, where the surface P 17 is holomorphi-
17The charges must be such that P is very ample [48],
which is the case if the Ka¨hler class is large.
14 M. Guica and A. Strominger
cally embedded in M (as a consequence of super-
symmetry) and S1 stands for the M-theory cir-
cle all throughout this lecture. P decomposes as
P = pAΣA where ΣA is an integral basis of 4-
cycles on M . The M5 carries worldvolume fluxes
that give rise to induced M2-brane charges (qA),
as well as q0 units of momentum along the S
1.
From the supergravity point of view, under the
M-theory lift the D4-D2-D0 black hole becomes
an S1-wrapped black string, whose near horizon
geometry is locally AdS3×S2×M . Note that the
M-theory lift of a D6-brane is Taub-Nut space, so
if we considered black holes with D6 charge the
eleven-dimensional geometry would no longer be
AdS3, which is partly the reason that a micro-
scopic description is not known in that case18.
The low energy dynamics on the M5 worldvol-
ume is captured by an effective 2d CFT living on
S1×R (time). This 2d CFT has (0, 4) supersym-
metry, inherited via dimensional reduction from
the (0, 2) supersymmetry of the 6d theory living
on the M5 worldvolume. Its low-energy excita-
tions arise as zero-modes of the fluctuations of the
M5 worldvolume fields (embedding, self-dual 3-
form h(3) and the right-moving (RM) 6d fermions
ψ(6)) on P , as follows
• zero-mode fluctuations of the embedding
correspond to cohomology classes on P .
• zero-modes of the h-field correspond to self-
and anti-self-dual forms on P , as can be
seen from the decomposition
h(3) = dφA ∧ αA , αA ∈ H2(P,Z)
If the 2-form αA is self-dual, then the self-
duality of h implies that the scalar mod-
ulus φA has to be right-moving, while if
αA is anti-self-dual, then φA is left-moving.
Thus we obtain b−2 LM and b
+
2 RM scalars
in the CFT from the dimensional reduction
of the h-field, where b±2 are the numbers of
self-dual and respectively anti-self-dual two-
forms on P .
18Quite surprisingly, the MSW string remakes its appear-
ance for certain black holes with nonzero D6 charge [49],
which may imply that all IIA black holes are described by
some deformation of the MSW CFT. This makes it all the
more worth studying, of course.
• fermions in the CFT arise from (0, 2) forms
on P and they are RM. This can be easily
seen by decomposing the 6d RM fermions
as
ψ(6) =
∑
I
ψI(2) ⊗ ψPI
where ψPI are fermionic zero-modes on P ,
which are known to be in one-to-one cor-
respondence with harmonic (0, 2) forms.19
The number of RM fermions is 4h2,0(P ) and
it can be shown to equal the number of RM
bosons, as required by supersymmetry on
the right.
• there is one distinguished N = 4 multiplet
in the 2d CFT, called the centre of mass
multiplet. Its bosonic content is given by
the three massless scalars X i that param-
eterize the motion of the black hole as a
whole in the three noncompact directions
and one right-moving mode ϕ of the h field,
which corresponds to the unique self-dual
form on P which is extendible to a 2-form
on M . This is of course the pullback of
the Ka¨hler form on M - J - which has to
be proportional to [P ] at the horizon, as a
consequence of the attractor equations. In
terms of the scalars φA
ϕ = pADABφ
B ≡ pAφA. (54)
The fermionic parteners of these four
bosons are the goldstinoes ψ˜±± that arise
from the four supersymmetries broken by
the brane configuration.
The resulting central charges, including a sub-
leading correction proportional to the second
Chern class of M , are [48]
cL = 6D + c2 · P , cR = 6D + 1
2
c2 · P. (55)
The MSW CFT reproduces the area-entropy
law. If one is only interested in the D4-D0 sys-
tem, then the left-moving oscillator momentum is
19There are no left-moving fermions because they would
be in one-to-one correspondence with (0, 1) forms on P , of
which there are none since b1(P ) = b1(M) = 0.
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q0, while the right-moving oscillator momentum
has to be zero by supersymmetry. Using Cardy’s
formula, the entropy reads
S = 2π
√
cLq0
6
= 2π
√
Dq0 (56)
in agreement with the macroscopic formula (34).
What happens if we add D2/M2 charges? This
corresponds to turning on M2 brane fluxes (that
is, nonzero h(3) flux on cycles of the form S1×α,
with α a two-cycle on P ) on the M5 worldvolume.
In the effective 2d theory, membrane charge is the
zero-mode momentum qA =
∫
dφA carried by the
massless scalars that arise from the dimensional
reduction of the three-form h, and thus it is a
vector in the Narain lattice of massless scalars. qA
contributes to the S1 momentum along the string.
The effect is to shift the momentum available to
be distributed among the LM oscillators by
q0 → qˆ0 = q0 + 1
12
DABqAqB, (57)
DAB is the inverse of the matrix of charges
DAB = DABCp
C . The entropy gets modified to
S = 2π
√
qˆ0D, and it is straightforward to check
that this agrees with the supergravity formula
(43) for p0=0.
2.9. The (modified) elliptic genus
So far we have been loosely speaking about the
“entropy” of the black hole and its CFT dual.
In fact, what we are really looking for is a BPS
protected quantity which does not change as one
extrapolates between the supergravity and CFT
regimes. Such an object is the (modified) elliptic
genus, which is an index that counts a weighted
number of ground states. At leading order (given
by the area law), which quantity we use seems
not to matter much20, but at subleading orders
we will definitely need to be more precise.21
20Presumably what happens is that one or both of nB
and nF are proportional to e
Area/4G, but with different
proportionality constants, so that the difference between
the log of the total number of states and the log of the
index is subleading.
21Actually, the first subleading correction to the entropy
is included in (43) expression and matches [48]: on the
microscopic side it involved the c2 · P correction to the
central charge, and on the macroscopic side it came from
the Gauss-Bonnet term in the 4d effective action.
Let us give a very simple example of what an
index is [50]. Take supersymmetric quantum me-
chanics with one supercharge Q (Q2 = H), and
define the Witten index as
IF = Trstates(−1)F e−βH (58)
where F is the fermion number operator. Since
for states of nonzero energy |E〉, Q|E〉 is a state
with the same energy but opposite fermion num-
ber (mod 2), IF only gets contributions from the
ground states, since they are annihilated by Q
and thus are not paired. If we denote by nB
and nF the number of bosonic and respectively
fermionic ground states, then IF = nB−nF . The
index is rigid under small deformations of the pa-
rameters in the Hamiltonian.
This simple index actually vanishes for the
MSW CFT [51,52], whose symmetry algebra on
the right is a Wigner contraction of the large
N = 4 superconformal algebra. This consists
of a small N = 4 superconformal algebra plus
four bosonic and four fermionic generators, which
are nothing but the fields in the center-of-mass
multiplet (X i, ϕ, ψ˜±±). This multiplet has equal
numbers of bosonic and fermionic excitations and
hence gives a prefactor of zero for the Witten in-
dex.
The generators of the small N = 4 are four su-
percurrents G˜±±, three bosonic currents J iR that
generate a level k SU(2) Kacˇ-Moody algebra, and
the usual Virasoro generators with central charge
c = 6k. We have as usual two choices of boundary
conditions for the fermionic operators, periodic
(R) or antiperiodic (NS). The small N = 4 gen-
erators have certain commutation relations [52]
with the fermionic operators ψ˜±± and J˜ϕ = ∂¯ϕ.
We will only need the R-sector commutators
{G˜αa0 , ψ˜βb0 } = ǫαβǫabJ˜ϕ0 , {G˜αa0 , J˜ϕ0 } = ψ˜αa0 . (59)
We wish to define an index which is nonvan-
ishing for MSW. Consider the following table of
the R sector ground states for the center of mass
multiplet22
From this we see that a modified index that will
not vanish due to the trivial contribution of the
22Here we have chosen the ground state to satisfy
ψ˜−±0 |0〉 = 0.
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state |0〉 ψ˜+±0 |0〉 ψ˜++0 ψ˜+−0 |0〉 total
(−1)F 1 - 1 (×2) 1 0
1
2F
2(−1)F 0 -1 2 1
center of mass multiplet can be achieved by eval-
uating instead the trace of F˜ 2(−1)F˜ , as shown in
the third line of the table. It is an easy exercise to
check that for states |s〉 for which all G˜αb0 |s〉 6= 0
the contributions from the various members of
the supermultiplet cancel, so the modified trace
defines a new index.
Interesting subtleties arise for the case in which
only some of the supercharges annihilate the
state. Consider for example a state that carries
charges qA ∈ ΓM
|q〉 = eiDABqAφB |0〉. (60)
Acting with G˜αa0 on |q〉 will produce states pro-
portional to ψ˜αa0 |q〉, as can be checked using the
commutation relations (59)
(G˜±±0 − pAqAψ˜±±0 )|q〉 = 0. (61)
This is simply the statement that |q〉 preserves
the supersymmetries nonlinearily, as we discussed
before. As far as the index is concerned, the arith-
metics is the same as for the Ramond ground
states; in particular, G˜−a0 |q〉 = 0 (in our random
convention), and the contribution to the modified
index is again 1.
Finally, we can refine our index by introduc-
ing potentials yA for the h1,1(M) conserved U(1)
charges. The resulting index is called themodified
elliptic genus of the MSW CFT
ZCFT (τ, τ¯ , y
A) = TrR
F˜ 2
2 (−1)F˜ qL0−
cL
24 q¯L˜0−
cR
24 e2πiy
AqA
(62)
Here q = e2πiτ and the fermion number is
F˜ = 2J3R + p
AqA. (63)
If only RM ground states contributed to the in-
dex, then ZCFT would be a holomorphic function
of τ , but due to the contribution of the states of
the form (60), some dependence on τ¯ is also in-
troduced, since
(L˜0 − cR
24
)|q〉 = (p
AqA)
2
12D
|q〉. (64)
Nevertheless, this dependence is entirely due to
the RM boson in the center-of-mass multiplet, so
it is under control. In fact, it can be shown [53]
that the τ¯ dependence of the elliptic genus is en-
tirely of the form
ZCFT (τ, τ¯ , y) =
∑
δ
Zδ(τ)Θδ(τ, τ¯ , y) (65)
where Θδ are lattice theta-functions and the sum
has a finite number of terms.
To see how (65) comes about, recall that the
h1,1- dimensional lattice lattice ΓM is a sublat-
tice of the larger 6D-dimensional lattice ΓP of
h(3) zero modes on theM5. Consider the unit cell
U of ΓM in ΓP , drawn in figure 6. Let ΓM+δ be a
shift of the lattice ΓM by a lattice vector δ ∈ U ,
and let Γ⊥M+δ be the lattice of vectors in ΓP nor-
mal to vectors in ΓM+δ (this corresponds to direc-
tions in ΓP perpendicular to the plane of the fig-
ure). It is clear that one can rewrite the partition
sum in ΓP as a sum over ΓM+δ × Γ⊥M+δ, where
δ runs over the points in U , a total of det(6DAB)
of them. The sum over ΓM+δ gives a Θ-function
that encodes the τ¯ and yA dependence, while the
contribution from Γ⊥M+δ is clearly holomorphic.
We note that (65) was used to derive an exact
expression for the elliptic genus in some special
cases [52].
At last, let us mention the existence of a spec-
tral flow automorphism of the N = 4 algebra,
which acts the following way on the bosonic gen-
erators:
L˜0 → L˜0 + ηJ3R +
c
6
η2
J3R → J3R +
c
3
η. (66)
If the flow parameter η is integer the spectral flow
acts on the NS and R sectors separately, while if
η is half-integer, the NS and R sectors get inter-
changed. Hence the elliptic genus (62) can also
be computed as a trace over the NS sector of the
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Figure 5. The unit cell of the lattice ΓM embed-
ded in ΓP . The black dots are points in ΓP , while
the red dots are points in ΓM . The sum over δ
runs over all points in the square, counting just
one of the corners.
appropriately shifted variables
ZCFT (τ, τ¯ , y
A) = TrNS
F˜ 2
2 (−1)F˜ qL0−
cL
24 ×
× q¯L˜0− 12J3Re2πiyAqA (67)
Now the contributions will come from the NS
states that are related by spectral flow to the Ra-
mond ground states. These are the chiral pri-
maries and have L˜0 =
1
2J
3
R. Supergravity in
AdS3 (or a quotient thereof) oftentimes produces
NS boundary conditions for the fermions in the
CFT living on the boundary torus. The trace
over chiral primaries is then a more natural thing
to compute from the supergravity perspective.
3. The topological string
In this lecture we briefly review what the A-
model topological string is and computes, and de-
scribe the Gromov-Witten (GW) invariants. The
many details omitted here can be found for ex-
ample in [7,54–58].
3.1. Twisting the string
The topological string is obtained by twisting
an N = (2, 2) superconformal 2d sigma-model
and coupling to 2d gravity. We will start with
just an untwisted (2, 2) σ-model and build our
way up to the A-model topological string. Due
to the high amount of supersymmetry, the target
space M of the σ-model is required to be Ka¨hler.
The action is then
S = 2t
∫
d2z(gij¯∂φ
i∂¯φj¯ + gij¯ ∂¯φ
i∂φj¯ + igij¯ψ
j¯
+∇z¯ψi+
+ igij¯ψ
j¯
−∇zψi− + Rij¯kl¯ψi+ψj¯+ψk−ψl¯−)
where the coupling constant t sitting in front of
the action can be thought of as ~−1.
TheN = (2, 2) algebra has four worldsheet cur-
rents J,G±, T , with spins 1, 32 , 2 (and their anti-
holomorphic counterparts, denoted by tilde). T
is the energy-momentum tensor, J is the U(1) R-
symmetry current of the N = 2 algebra, and G±
are the conserved supercurrents for the two world-
sheet supersymmetries; the ± superscript denotes
their R-charge. From the N = 2 algebra, the re-
lations that are relevant to our discussion are the
R-sector anticommutators
{G+0 , G+0 } = {G−0 , G−0 } = 0 (68)
{G+0 , G−0 } = 2(L0 −
c
24
)
One can combine the two possible R-symmetries
into a vector and an axial current JV = J + J˜ ,
JA = J − J˜ . After quantising the theory, the
quantum measure is invariant under the axial R-
symmetry only if M is a Calabi-Yau manifold (of
any dimension, so far), as it must satisfy
c1(M) = 0. (69)
Next, we would like to make our σ-model topo-
logical, which means that the observables in the
theory should only depend on the topological
data of the target space M . A way to accom-
plish this is by constructing a fermionic symme-
try - generated by a (scalar23) BRST charge Q,
23The reason that we need a scalar supercharge is that
we would like our model to be defined for a worldsheet
Σ of arbitrary curvature and genus. If Q is fermionic,
then the supersymmetry parameter ǫ has to be a Killing
spinor on Σ, which in general does not exist. If Q is scalar
though, then ǫ is a Grassmann scalar, which exists for any
worldsheet.
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which is nilpotent - so that Q2 = 0. The phys-
ical operators in the topological theory are then
defined to be Q cohomology classes. Ultimately
we will identify Q with a cohomology operator on
M , such that the theory becomes topological. We
further require the energy-momentum tensor to
be Q-exact in order to ensure the independence of
topological correlation functions of the 2d world-
sheet metric. All this is accomplished by twisting
according to
Ttws = T − 1
2
∂J, (70)
and taking Q =
∫
G+. This shifts the spin of the
various operators by an amount proportional to
their R-charge
stws = s− 1
2
q. (71)
In particular, now J and G+ have spin 1, while
Ttws and G
− have spin 2. Thus Q =
∫
G+ can act
as our BRST charge, and Ttws ∼ {Q,G−}. Next
we need to couple the σ-model to a worldsheet
metric hαβ and then perform the path integral
over hαβ too. In order to define string ampli-
tudes, it is quite useful to note that the structure
of the twisted N = 2 algebra is isomorphic to
the structure we obtain by applying the BRST
procedure to the usual bosonic string. The corre-
spondence between the various operators is
(G+, J, T,G−)↔ (Q, Jghost, T, b). (72)
Remember that if we want to compute genus
g amplitudes in the bosonic string we need to
integrate over the moduli space Mg of genus g
Riemann surfaces, with 3g − 3 insertions of the b
ghost (for g > 1), which provide the measure. In
view of the correspondence between G− and the
b ghost, we define the genus g topological string
amplitude as24
Fg =
∫
Mg
3g−3∏
i=1
∫
Σ
d2z G−zzµ
z
i z¯
∫
Σ
d2z G˜−z¯z¯µ
z¯
i z
24For g = 0, 1 see e.g.[55,59,7]. Note that the counterpart
of the b˜ ghost could be either G˜+ or G˜−, depending on
the twist we perform for the RM. Here we have made the
choice corresponding to the A-model topological string.
(73)
where µi are Beltrami differentials, parametris-
ing complex structure deformations of the mod-
uli space of genus g Riemann surfaces in M . It
turns out that “ghost” charge conservation makes
almost all Fg vanish, unless we take the complex
dimension of M to be three. Therefore the case
in which M is a Calabi-Yau three-fold provides
the richest examples, which we will assume from
now on.
The topological string “free energy” is defined
as a perturbative expansion in the topological
string coupling constant, gtop
Ftop =
∞∑
g=0
g2g−2top Fg (74)
The topological string partition function is
Ztop = e
Ftop (75)
Note that one could have equally considered a
twist of the form T → T + 12∂J . In that case
G− would become the BRST operator. Since we
can do independent twists for the LM and for the
RM, we end up with two inequivalent possible
topological string theories, depending on which
supercurrent becomes the BRST charge
(G+, G˜+) → A model
(G+, G˜−) → B model
As advertised, in these notes we will only concen-
trate on the A-model topological string.
3.2. The A-model topological string
The A-model twist is
L0 → L0 − 1
2
J0, L˜0 → L˜0 + 1
2
J˜0 (76)
which shifts the spins as
S → S − 1
2
(J0 + J˜0). (77)
The local observables in the theory are in one-to-
one correspondence with the de Rham cohomol-
ogy classes on M . Correlation functions only re-
ceive contributions from configurations that sat-
isfy the classical equations of motion, which in the
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A-model are holomorphic maps from the string
worldsheet to the target space. The action can
be written as a Q-exact term (which does not
contribute) plus
∆S = −it
∫
Σ
φ∗(J) = −it
∫
φ(Σ)
J = qAt
A (78)
where qA are the wrapping numbers of the image
of the string worldsheet φ(Σ) around the various
2-cycles dual to ωA and t
A are the complexified
Ka¨hler moduli of the Calabi-Yau . We also set
t = (α′)−1. To compute the topological string
partition function, we need to integrate over the
moduli space Mg,q of maps from a genus g Rie-
mann surface to the Calabi-Yau M - where the
image belongs to the homology class q of M ,
weigh it by the exponential of minus the euclidean
action (78), and then sum over genera. From (78)
it is clear that the A-model topological string only
depends on half the information of the Calabi-
Yau - that is - only on the Ka¨hler structure.
The Gromov-Witten invariants dg, qA are de-
fined as the expansion coefficients in
FGW (t
A) =
∞∑
g=0
g2g−2top
∑
qA
dg, qAe
−qAt
A
(79)
which encode the contributions which are nonper-
turbative in α′. dg, qA is roughly the euler char-
acter of Mg, qA .
There are also perturbative contributions to
Ftop, that are not encoded in FGW . These contri-
butions can be computed in just low-energy field
theory, and are only present at genus 0 and 1
Fpert(t
A) = −i (2π)
3
g2top
DABCt
AtBtC − iπ
12
c2At
A.
(80)
•What the topological string computes
Recall from our discussion in section (2.7) that
higher curvature corrections to the N = 2 super-
gravity action in 4d are encoded in a holomorphic
function of the vector moduli and the Weyl mul-
tiplet
Scorr ∼
∫
d4xd4θFg(XΛ)W 2g + c.c. (81)
∼
∫
d4x[Fg(t)R
2
−T
2g−2
− + Fg(t¯)R
2
+T
2g−2
+ ]
where T± and R± are the self-dual and anti-self-
dual parts of the graviphoton and Weyl tensor
respectively. In usual string theory, such a contri-
bution to the effective action can be computed by
evaluating the correlation function of two gravi-
ton and 2g− 2 graviphoton vertex operators on a
genus g string worldsheet. This computation has
been performed in [60] and it was found that the
amplitude for this scattering process is precisely
given by the genus g topological string amplitude
Fg.
Figure 6. Scattering of two gravitons and of 2g−2
graviphotons gives Fg.
4. The OSV conjecture
In lecture 2 we discussed black hole attractors
in the context of type IIA string theory compact-
ified on a Calabi-Yau M . We found that the
entropy of these black holes only depended on
the Ka¨hler moduli of the compactification, which
in turn are fixed to their attractor values at the
horizon of the black hole. Also, remember that
hypermultiplet scalars - which in type IIA corre-
spond to the complex structure deformations of
20 M. Guica and A. Strominger
M - completely dropped out of the story. Inter-
estingly, in the A-model topological string half
of the information on the Calabi-Yau data also
drops out due to the twist. This is a first clue to-
wards a connection between attractor black holes
and topological strings: they are both functions
on half of the Calabi-Yau moduli space. It would
be strange if in string theory we had two natu-
ral functions of the same variables that were not
related in some simple way. Indeed we shall see
that, when the comparison between the two quan-
tities is properly formulated, the relation between
the indexed black hole entropy and topological
string partition functions appears to take the sim-
plest imaginable form.
4.1. Mixed partition functions
If we want to make an exact or all orders com-
parison between the partition functions of two
systems, we must first be precise about exactly
which ensemble we are using. A statistical sys-
tem or ensemble can be characterized either by
conserved quantities such as the energy E or by
conjugate potentials such as the inverse tempera-
ture β. There are associated microcanonical and
canonical partition functions Ω and Z, , which for
the case of energy and temperature are related by
Z(β) =
∑
E
e−βEΩ(E). (82)
More generally, if there are many conserved
charges/potentials, partition functions can be de-
fined in which some variables are treated canon-
ically and others microcanonically. We refer to
these as mixed partition functions associated to
mixed ensembles.
For every type of (mixed) ensemble there is an
associated definition of entropy. For example, in
the microcanonical ensemble the entropy is de-
fined as
SE(E) = lnΩ(E), (83)
while in the canonical ensemble it is defined by
Sβ(β) = lnZ − β∂β lnZ. (84)
To leading order in the saddle point approxima-
tion one has
Sβ(β(E)) ∼ SE(E) (85)
with β(E) ≡ ∂ESE . However in general, for a
finite system and beyond leading order, Sβ and
SE are not related as simply as in (85) - by just a
change of variables. Rather, an integral transform
is needed. Hence if we want to discuss subleading
corrections to the entropy we must specify exactly
which ensemble we are using to define the entropy.
It is meaningless to give an all-orders formula for
the entropy without this specification.
So the question arises: exactly which entropy
does Wald’s formula, discussed in section 2.7.2,
compute? Wald’s derivation is ultimately based
on a quantum field theory analysis. The answer
then follows from the fact that in quantum field
theory the boundary conditions amount to an im-
plicit choice of ensemble. For example, if we sum
over geometries with asymptotic periodicity β, we
are working in the canonical fixed-temperature
ensemble. There is no field theory path inte-
gral formulation for the microcanonical ensemble.
The best we can do is a Laplace transform
Ω(E) =
∫
dβ eβEZ(β), (86)
which requires knowledge of Z(β) for all β. So
for a finite-temperature black hole Wald’s formula
computes Sβ rather than SE .
What about charges? For electromagnetic
charges, instead of fixing the radius of the cir-
cle at infinity, in the field theory path integral
one fixes the boundary value of the field A0 = φ
(the electric Wilson line) at infinity, as well as
the topological class of the gauge field. This cor-
responds to fixing the magnetic charge qm while
summing over all electric charges with weights
e−φqe . Hence field theory gives a mixed ensem-
ble which treats electric charges canonically and
magnetic charges microcanonically. This then is
the ensemble in which the entropy computed by
Wald’s formula is defined25. We will see this is
crucial for comparison of Wald’s formula for the
entropy to the topological string partition func-
tion.
We note that an independent but similar issue
is whether or not the the ensemble is weighted
25See also [61] for a discussion of thermoodynamic ensem-
bles.
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with minus signs for fermions. This is again re-
lated to path integral boundary conditions and is
discussed below.
4.2. Brute force derivation of OSV
Now we would like to get to work and compute
the corrections to the entropy, using Wald’s for-
mula. The first question is, which terms from
the corrected N = 2 action do actually con-
tribute. The working assumption has been [44]26
that if we compute the indexed entropy - de-
fined in the usual way as a Legendre transform
of the supersymmetry-protected indexed parti-
tion function (more precisely, the modified el-
liptic genus (62)) that there is a (perturbative)
nonrenormalization theorem implying that it re-
ceives contributions only from supersymmetry-
protected terms in the effective action. These are
the terms which involve integrals over only a chi-
ral half of superspace and so cannot involve hy-
permultiplets. Hence we expect that only terms
in the action that are built exclusively out of vec-
tor multiplets can correct the entropy. These are
given of course by (82), and their contribution to
the entropy has been quoted in section 2.7
SBH =
πi
2
(qΛC¯X¯
Λ−pΛC¯F¯Λ)− π
2
Im(C2W∂WF ).
(87)
Naively, one might evaluate the XΛ, FΛ at their
attractor values (51) and (52) and view this as
an expression for the entropy as a function of the
magnetric and electic charges pΛ and qΛ. How-
ever, according to the discussion of the previous
section, this is not correct: (87) comes from a
mixed ensemble and should be viewed as a func-
tion of the magnetic charges pΛ = ReCXΛ and
the electric potentials, which shall be identified
shortly as φΛ = πImCXΛ.
The above expression for the entropy can be
rewritten in a nicer form by using the homogene-
ity property of the prepotential27 and the attrac-
26Reference [44] does not address all the issued involved
and this point remains in need of further clarification.
Some relevant, but still incomplete, observations are made
section 4.3.1 below.
272F = XΛFΛ +W∂WF .
tor equations
SBH(p, φ) = −πImF (CXΛ, 256)+πIm(CXΛ) qΛ,
(88)
which let us eliminate F and FΛ in favor of p
Λ
and φΛ. In terms of φΛ and the imaginary part
of F this is
SBH = F(pΛ, φΛ) + φΛ qΛ, (89)
where
F(p, φ) = −πImF (pΛ + i
π
φΛ, 256). (90)
The second half of the attractor equations then
reads
qΛ = − ∂
∂φΛ
F(p, φ) (91)
which implies that SBH is obtained from F(p, φ)
in exactly the same way that the entropy is ob-
tained from the logarithm of the mixed partition
function. Namely, SBH can be thought of as the
Legendre transform with respect to the canonical
variables only
SBH(q, p) = F(φ, p)− φΛ ∂
∂φΛ
F(φ, p) (92)
provided that the φΛ are indeed identified as the
conjugate potentials to the electric charges qΛ.
In conclusion, F(p, φ) is the logarithm of the
partition function computed in a mixed ensem-
ble, in which one fixes the magnetic charges and
electric potentials at infinity. We will loosely refer
to F as the free energy though strictly speaking it
differs by a factor of −β from the usual definition.
One relatively illuminating way to write the
mixed free energy is by picking a gauge in which
C = 2Q, where Q is the graviphoton charge.
Then, using the homogeneity properties of F , we
have
F = −4πQ2Im
[∑
g
Fg
(
pΛ + iφΛ/π
2Q
)(
8
Q
)2g]
(93)
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which shows very clearly the perturbative nature
of ZBH as an expansion around large gravipho-
ton charge. Now, the topological string partition
function is also defined by a perturbative expan-
sion in gtop (74) and, as mentioned in section 2.7,
it is proportional to the supergravity prepotential
F (CXΛ, 256). By comparing the first two terms
(80) in the expansions of the two prepotentials,
one can fix all normalizations and finds
F (CXΛ) = −2i
π
Ftop(t
A, gtop) (94)
with the following correspondence between the
arguments on the two sides of the equation 28
CXΛ = pΛ+iφΛ/π, tA =
CXA
CX0
, gtop = ± 4πi
CX0
(95)
From (94) one finds
lnZBH = −πImF = 2ReFtop (96)
which can be written in the more expressive form
ZBH(φ
Λ, pΛ) = |Ztop(tA, gtop)|2 (97)
with the variables identified as in (95). As
there are several assumptions that went in to the
derivation of (97) it is known as the OSV conjec-
ture. It is important to note that the conjecture is
a statement about the equality of two perturba-
tion expansions. Indeed at the nonperturbative
level it is not clear how either side of (97) is even
defined.
Note that the factor of ‘2’ in the exponent of
(97) was obtained by the brute force method –
just carefully keeping track of all normalizations.
So far there is no hint as to why it should not
equal 1 or 17 or any other real number. Such a
simple relation demands a simple physical expla-
nation, which we will provide in the next section.
28For a D4-D2-D0 black hole, in the large-charge, large
Calabi-Yau volume approximation, gtop =
4pi2
φ0
∼q
q0
D
<< 1 if we uniformly scale up the charges of the
black hole. This is consistent with the fact that we are per-
forming a perturbative expansion in the topological string
coupling constant.
4.3. Why ZBH = |Ztop|2
In this section we will give a heuristic expla-
nation of why the two complex conjugate factors
Ztop and Z¯top appear in the black hole partition
function. The goal here is not to give a per-
turbative proof of the OSV conjecture – many
points would have to be filled in and clarified –
but rather to provide a compelling physical pic-
ture29.
The basic idea is simply to evaluate the black
hole partition function in a string perturbation
expansion around a euclidean saddle point, which
is a euclideanized attractor geometry (and then
compare it to the perturbation expansion for the
topological string). It is then argued that at g
loops, string perturbation theory is saturated by
genus g worldsheet (anti)instantons which wrap
(anti)holomorphic cycles in the Calabi-Yau and
localize to the (south) north pole of the horizon
S2. This is possible due to the peculiarities of
the AdS2 × S2 supersymmetries, which are bro-
ken in exactly the same way for an instanton at
the north pole and an anti-instatnon at the south
pole. The two factors in ZBH then come form
the instanton sum at the north pole and and the
anti-instanton sum at the south pole.
4.3.1. M-theory lift
Our starting point will be the IIA string par-
tition function -denoted ZIIA - on the euclidean
attractor geometry. As will be seen explicitly be-
low, the sum over worldsheets gives a finite non-
zero answer. Furthermore, there must be many
supersymmetric cancellations, as in the limit in
which the AdS2 × S2 radius goes to infinity the
term which scales as volume is the cosmological
constant and must vanish.
So the question arises - what is ZIIA comput-
ing? Since the computation involves a choice of
attractor geometry, it should be related to the
associated black hole. Since it is supersymme-
try protected, it should be some supersymmetry-
protected invariant associated with the black
hole. We know of only one such object–the mod-
29We follow here [62], which in turn built on earlier dis-
cussions in [63–65,22].
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ified elliptic genus. So the obvious guess is
ZIIA = ZCFT +O(e− 1g ). (98)
Note that since the left hand side is defined only
in string perturbation theory, this is at best a
perturbative relation (at large charges). If one
further assumes ZBH = ZCFT +O(e− 1g ) one has
ZIIA = ZBH .
There are a number of ways one might go
about demonstrating (98). The most straight-
forward approach would be to refine and adapt
the methods of [66,67]. The subtleties would be
to carefully understand the euclideanization, es-
pecially of the RR fields which become complex,
and the fermion boundary conditions. Instead of
this more direct method, [62] adopted a shortcut
involving a lift to M-theory. This had the dis-
advantage of using a nonperturbative relation to
demonstrate a perturbative one, but on the other
hand the construction, which we now review, is
illuminating in its own right.
To keep the equations uncluttered, we just con-
sider the euclideanised near-horizon geometry of
a D4-D0 black hole. The metric on the AdS2×S2
part is
ds24 = 4l
2
(
dr2 + r2dθ2
(1− r2)2 +
1
4
dΩ22
)
, (99)
the radii of the AdS2 and S
2 are equal to
l =
gsφ
0
π
√
α′ = gs
√
Dα′
q0
+ corrections (100)
There is also a graviphoton field
A(1) = −2iφ
0
π
dθ
1− r2 . (101)
Note that this potential is purely imaginary -
as expected when we continue electric fields to
euclidean space. Noting that the graviphoton
is just the connection on the M-theory circle
(parametrized here by x11), we simply end up
with the M-theory metric
ds211 = g
2
sα
′
(
dx11 − 2iφ0π dθ1−r2
)2
+ 4l2 dr
2+r2dθ2
(1−r2)2
+l2dΩ22 + ds
2
CY . (102)
We immediately recognise an AdS3 factor in the
first line of the above equation. Note that some
of the metric components are imaginary, so this
is a complexified AdS3 quotient. The interpreta-
tion of this complexified geometry can be gleaned
from looking at the torus that is located at the
boundary r = 1. Keeping the leading terms in
the metric as we take ǫ = 1− r → 0, we find the
conformal metric on the boundary
ds2bnd = dθ
2 +
2πi
φ0
dθ dx11 +O(ǫ). (103)
This can be put in the standard form
ds2τ = |dθ + τdx11|2 (104)
if we take the modulus of the torus parametrised
by (θ, x11) to satisfy
|τ |2 = (Reτ)2 + (Imτ)2 = 0 and Reτ = i π
φ0
.
(105)
Now, according to AdS3/CFT2, the partition
function on this euclidean M-geometry is a parti-
tion function of the MSW CFT on the boundary
torus (103)
ZM (τ) ∼ TrMSW e2πiReτ(L0−L˜0)e−2πImτ(L0+L˜0)
∼ TrMSW e−
4pi2
φ0
L0 . (106)
The main point we wish to stress here is that τ
appears as a weighting factor for the left movers
only. This result might have been anticipated
from the fact that the lorentzian D4-D0 black hole
is dual to a state in the MSW CFT in which the
left movers are thermally excited but the right
movers are in their ground state.
Consideration of the fermion boundary condi-
tions [62] indicates that, after a spectral flow one
obtains (106) with the trace in the R sector and
an insertion of (−)F . An F 2 insertion is needed
when the degrees of freedom corresponding to the
center-of-mass multiplet (ignored so far) are in-
cluded: without the insertion this multiplet gives
a zero prefactor. In the bulk AdS description
these appear as boundary “singleton” modes. Ex-
actly how this all works out has not been carefully
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analyzed and the F 2 insertion is accordingly sup-
pressed in the following.
Of course, the index is defined for fixed electric
potentials on the boundaries, so we need to add
D2-brane charges, and then sum over them. Upon
reinstating the D2 potentials φA, the partition
function we are computing becomes
ZIIA(φ
0, φA, pA) ∼ Tr(−1)F e− 4pi
2
φ0
L0−qA
φA
φ0 ,
(107)
where here and elsewhere O(e−1/g) corrections
are implicit.
In order to make the connection with the topo-
logical string, it is useful to rewrite (107) in terms
of topological string variables. Using (95) for the
D4-D2-D0 black hole, we can rewrite (107) as
ZIIA = Tr(−1)F e−gtopL0−qA(tA+iπpA)
= Tr(−1)F˜ e−gtopL0−qAtA (108)
where F˜ is just the modified RM fermion number
(63) needed for modular invariance and qAt
A is
the correct string instanton action.
In conclusion, string theory on the euclidean
attractor geometry is expected to give a pertur-
bative expansion of the supersymmetric partition
function of the associated black hole.
4.3.2. Computing ZIIA
Now we must evaluate the perturbative string
loop expansion of the type IIA partition func-
tion on the attractor geometry. This computa-
tion could be set up in the NS-R, Green-Schwarz
or hybrid formalism, each of which has its own
complementary set of advantages and disadvan-
tages. In the NS-R formalism the connection to
the topological string is clearest, but RR fluxes
are hard to deal with. In the Green-Schwarz for-
malism the action in RR backgrounds is known,
but the reduction to the topological string is only
partially worked out [68]. The hybrid formalism,
as it more or less treats the 4d spacetime part in
the Green-Schwarz language and the Calabi-Yau
part in the NS-R language is perhaps ultimately
the most suitable, but unfortunately it is less de-
veloped at present.
In [62] we have used the Green-Schwarz formal-
ism. The worldsheet action effectively splits into
an internal CY3 term and an external AdS2 × S2
piece, and the computation factorizes. The de-
tails of exactly how the internal piece repro-
duces the topological string have not all been
completed, but the presumed equivalence of the
Green-Schwarz and NS-R strings imply they must
work out, as shall be assumed herein. Although
of interest in their own right these details are es-
sentially the same in CY3 × R4 and in an attrac-
tor geometry and are not the focus of our current
investigation. Here we focus on the AdS2 × S2
factor where interesting new features arise.
Figure 7. Illustration of a contributing worldsheet
instanton, which wraps a curve in the Calabi-Yau,
sits at the north pole of the S2 and the center
of AdS2. Anti-instantons wrap the same curve
but with the opposite orientation, sit at the south
pole and the center of AdS2.
Let us now summarize the key steps in the
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somewhat technical computation [62]. The clas-
sically supersymmetric genus g worldsheets Σg
wrap holomorphic cycles (instantons) or antiholo-
morphic cycles (anti-instantons) in M and sit
at any point in AdS2 × S2. However, as will
be important momentarily, which supersymme-
try is preserved depends on the point chosen in
AdS2×S2. The worldsheet sum is organized as an
expansion about these configurations. The inter-
nal part (presumably) gives a factor of Fg(CX
Λ),
as we will try to sketch below. Afterwards, we are
just left with the ordinary integral of a (-1)-brane
zero-mode action in AdS2 × S2.
The “fields” consist of the four spacetime coor-
dinates Xµ, their four chiral goldstino superpart-
ners θα1,2, 4g fermionic fields ρ
α
i coming from the
4g zero modes of the canonically conjugate mo-
menta to the θα1,2 on Σg, and possibly some an-
tichiral fields χmα˙, χm¯α˙. The latter correspond
to zero modes of the fermionic superpartners of
the normal fluctuations of the worldsheet Σg in-
side the Calabi-Yau, which occur whenever Σg is
not an isolated curve in M .
There is no action for Xµ or θ1,2. The action
for ρα is simply [68]
Sint =
∫
Wαβρ
α ∧ ρβ, (109)
Wαβ is the anti-self-dual part of the graviphoton
field strength, with attractor value gtop. Thus the
ρ contribution to the path integral is∫
d4gρ e−
R
Wρ2 =
∫
d4gρ(Wρ2)2g = g2gtop. (110)
The fermionic zero-modes χm,m¯ and their
bosonic superpartners are described by supersym-
metric quantum mechanics on the moduli space
Mg,qA of holomorphic deformations of the curve
insideM . The supersymmetric index we are com-
puting is independent of the details of this quan-
tum mechanics and is known to equal the eu-
ler character30 of Mg,qA , which is roughly the
30A typical four-supercharge action contains a couplingR
Rmn¯pq¯ χ
mα˙χn¯β˙χpα˙χ
q¯
β˙ , and one can bring down powers
of this interaction to make the path integral over the χm
zero modes not vanish. One can easily check that this
procedure yields the euler character of moduli space.
Gromov-Witten invariant dg,qA . Combining it
with the factor that comes from the instanton ac-
tion, e−qAt
A
, we finally obtain Fg, qA(t
A).
It remains to consider the integral over the po-
sition zero-mode Xµ and the goldstinos θ1,2. The
former is proportional to the volume of AdS2×S2
while the latter vanishes because there is no ac-
tion. Hence
F4 =
∫
d4x d2θ1d
2θ2e
−0 =∞× 0 =?! (111)
This integral can be defined by use of localization.
One adds an exact term ∆S = δK to the action
with an arbitrary real coefficient t
F4 =
∫
d4x d2θ1d
2θ2e
−t∆S. (112)
δ here is a nilpotent combination of the kappa-
symmetries and supersymmetries and K is a ju-
diciously chosen operator. Exactness and nilpo-
tency imply that the integral is independent of
t. It is most easily evaluated at t → ∞. The
contributions will then be localized to δ-invariant
configurations, which are instantons and anti-
instantons sitting at the center of AdS2 and the
north pole and respectively south pole of the
sphere. The answer we get is some nonzero con-
stant C, whose value is most easily determined
by comparison to supergravity.
Now let us put everything together. Concen-
trating for now just on the contribution of the
instanton at the north pole, we have the follow-
ing
- a genus-independent constant factor C com-
ing from the integral over the bosonic and
goldstino zero-modes
- a factor of Fg(t
A) coming from the internal
worldsheet partition function.
- a factor of g2gtop from the zero-mode integrals
for ρα.
Summing these over genera we obtain∑
g
CFg g
2g
top = g
2
topC Ftop. (113)
The anti-instanton sitting at the south pole of
the sphere similarly gives a factor of g2topC¯F¯top.
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Exponentiating the sum of the two contributions
we almost have the OSV relation, except we still
need to find the value of C. This can be fixed
by comparing any term in the expansion of ZBH
with the corresponding term in the topological
string expansion, as was done in section 3.6, and
is C = g−2top. In conclusion this indicates that in
perturbation theory
ZBH = ZIIA = |Ztop|2
which is the relation we set out to explain.
5. ZBH, ZCFT, ZIIA, Ztop and all that
In these lectures several closely related parti-
tion functions, all denoted with the letter ”Z”,
have appeared. We will close by summarizing
what we mean by these objects, how they are
computed (or not) and how they are related.
5.1. Definitions
•ZBH This partition function is deduced from a
perturbative spacetime analysis of the thermody-
namic properties of black holes, which at lead-
ing order are governed by the famous Bekenstein-
Hawking area-entropy law. Subleading correc-
tions are computed using Wald’s formula. We
are not using this symbol herein to denote an ob-
ject defined nonperturbatively by counting BPS
states.
In our case, we are interested in extremal black
holes, and the corrections to the area law are com-
puted in a power series in the inverse graviphoton
chargeQ, which governs the size of the black hole.
Moreover we are interested in a supersymmetric
partition function with (among other things) a
(−)F insertion for fermions. In principle the ef-
fect of this on the spacetime analysis and Wald’s
formula should be derivable from first principles,
but in practice no one has done so. The arguably
well-motivated assumption has been that the in-
sertions are accounted for by including only F
term corrections to Wald’s formula.
Any definition of ZBH along these lines will
necessarily entail some dependence on the mod-
uli of the Calabi-Yau compactification in which
the black hole sits. This dependence has a beau-
tiful and intricate mathematical structure follow-
ing from the “split attractor” phenomena, the un-
raveling of which has been the subject of recent
progress [22].
This definition of ZBH is essentially perturba-
tive in 1Q , and does not have any obvious non-
perturbative completion.
•ZCFT This is defined as the modified elliptic
genus, with appropriate potentials, of the MSW
CFT. In principle this has a chance of being de-
fined nonperturbatively. However there are a
number of complicating issues which have not
been understood (see e.g. [53]). An important
one is that one must regulate IR divergences as-
sociated with noncompact Coulomb branches -
where the M5-branes can separate. Related is-
sues are the holomorphic anomaly, background
dependence and singularities in the moduli space
of divisors. This is the only potentially nonper-
turbatively defined object on our list.
•ZIIA This is the IIA partition function com-
puted in the string genus expansion around a
euclidean attractor geometry. This expansion
is formally equivalent to an expansion in the
RR graviphoton field, so the problems of deal-
ing with background RR fields are not so severe
here. There are the usual issues associated with
euclidean quantum gravity and complex saddle
points that must be dealt with.
•Ztop This is the topological string partition
function, and is defined in the worldsheet genus
expansion. The expansion coefficients have a
precise mathematical definition in terms of the
Gromov-Witten invariants associated to maps of
a genus g Riemann surface in to a Calabi-Yau
space. So Ztop, unlike ZIIA and ZBH , is fully de-
fined in perturbation theory. No nonperturbative
definition of the full function Ztop is known.
•Ω(p,q; τ∞) Another interesting object, not di-
rectly discussed in these lectures but ultimately
very relevant is Ω(p, q; τ∞). This is the (weighted)
number of BPS states with charges (p, q) which
depends (due to jumping phenomena) on the
asymptotic value τ∞ of the Calabi-Yau moduli,
and should be nonperturbatively well defined. A
recent and mathematically precise definiton of Ω,
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a derivation of some of its properties and a corre-
sponding precise version of the strong OSV con-
jecture can be found in [22]. In our list of objects
above, only ZCFT is non-perturbatively defined
and so potentially related to Ω.
5.2. Relations
At a very formal level, ZBH = ZIIA = ZCFT =
|Ztop|2, in the appropriate perturbation expan-
sions and with the appropriate identifications of
parameters. Beyond perturbation theory, these
relations are not even formally true. In practice,
none of these equalities have been proven or even
stated herein with total precision. Let us now
comment on the various equalities.
•ZBH = ZCFT
This is a deep statement about the holographic
nature of string theory, and was the early form
of AdS/CFT duality [69]. At leading order it
has been tested in many examples. Some tests of
subleading terms are discussed in [46,48]. Beyond
subleading order a better understanding of the
definition of the left hand side is needed.
•ZBH = |Ztop|2
This is the weak form of the OSV conjecture.
It equates terms in two differently defined pertur-
bation expansions [52,65,70–76]. One of the main
issues here is understanding how the background
dependence works out. In essence however it is a
statement about string perturbation theory and
does not have the dynamical depth of the pre-
ceding equality. It could in principle be precisely
stated and proved without any understanding of
non-perturbative string theory.
•ZBH = ZIIA
This asserts that the black hole partition func-
tion can be perturbatively repackaged as a eu-
clidean calculation on the attractor geometry. It
is a stringy version of the black hole methods of
semiclassical euclidean quantum gravity, adapted
to deal with an index. Arguments for this equal-
ity were given in [62]. Assuming that this and
the preceding equality is valid for the same defi-
nition of ZBH leads to ZIIA = |Ztop|2, along with
a physical explanation of the two complex conju-
gate factors on the RHS of the OSV relation.
•ZCFT = |Ztop|2
This is the strong form of the OSV conjecture,
and comes from combining holographic duality
with the perturbative observations of [3]. Since
the right hand side is defined only perturbatively,
it is at most a perturbative statement. Still,
it is extremely interesting in part because both
sides are potentially rigorously defined mathe-
matically. From the mathematical point of view,
it is a totally unexpected relationship between
moduli spaces of divisors and maps of curves into
a Calabi-Yau space. In this paper we have argued
from the stringy perspective that a relation of this
form is to be expected. It would be a daunt-
ing task to turn these arguments in to a rigorous
mathematical derivation. While these arguments
are informative, in the end this relation should
be regarded as a conjecture to be tested by direct
computation.
In conclusion, the conjectured OSV relation-
ship between the all-orders expression for the
entropy of large BPS black holes and the all-
orders expression for the topological string parti-
tion function potentially allows for precision tests
of non-perturbative string theory. We hope to
have provided the reader with a flavor of this ex-
citing subject that melts together black holes, at-
tractors, and topological strings, ans at the same
time raises interesting new challenges and puz-
zles.
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